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Abstract
A Garside monoid is a cancellative monoid with a finite lattice generating set; a Garside group is the
group of fractions of a Garside monoid. The family of Garside groups contains all Artin–Tits groups of
spherical type. We show that the well-known notion of a parabolic subgroup of an Artin–Tits group can be
extended to the framework of Garside groups so that most of the standard properties known in the Artin–
Tits groups case are preserved. The extension is not trivial and it requires a new approach. We also define
the more general notion of a Garside subgroup of a Garside group that nicely extends the notion of an
LCM-homomorphism between Artin–Tits groups.
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Introduction
The braid group on n strings and, more generally, the Artin–Tits groups of spherical type have
been the focus of many articles and are pretty well understood. It has been shown by Dehornoy
and others in recent articles (see for instance [2,8,9,18]) that many properties of Artin–Tits groups
extend to a wider class of groups, namely Garside groups.
One of the main properties of the Artin–Tits groups is the existence of distinguished sub-
groups, the so-called standard parabolic subgroups (see Example 1.7 for a definition). Therefore,
it is natural to address the following question:
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The technical notion of an LCM-homomorphism (see Example 1.8 for a definition) was in-
troduced in [5] and it proved to be crucial in the solution of two long-standing conjectures on
Artin–Tits groups, namely the Tits conjecture and the embedding conjecture of an Artin–Tits
monoid in its associated group [7,17]. The LCM-homomorphisms between Artin–Tits groups of
spherical type are injective, and a special case of an LCM-homomorphism is the canonical em-
bedding homomorphism of a standard parabolic subgroup in the group. Hence, the family of all
subgroups of an Artin–Tits group of spherical type that are the image of an LCM-homomorphism
is a very natural family of subgroups. Thus, we address the question:
Question 2. Does some natural family of subgroups of a Garside group extend our notion of a
standard parabolic subgroup such that the image of an LCM-homomorphism between Artin–Tits
groups of spherical type belongs to this family?
The aim of this paper is to answer Questions 1 and 2 in the positive.
The formal definitions of a Garside subgroup and of a standard parabolic subgroups of a
Garside group are introduced in Sections 1 and 2 below, respectively. We wish to point out
that defining a good notion of a parabolic subgroup of a Garside group is not so easy. The first
natural idea, namely considering any subgroups generated by some set of atoms, does not work
in general (see Section 3). Roughly speaking, we define a standard parabolic subgroup as a
subgroup generated by the set of atoms that divide some balanced element (for such an element,
the left and right divisors coincide). The main results of the paper regarding Questions 1 and 2
can be summarized in the claim that most of the nice properties of standard parabolic subgroups
and of images of LCM-homomorphisms extend to standard parabolic subgroups and Garside
subgroups of a Garside group, respectively. Precise statements need some technical definitions
and can be found in the next sections (Theorems 1.10, 1.13 and Propositions 1.14, 1.15, 2.1
and 2.7).
The paper is organized as follows. In Section 1 we recall the notion of a Garside group, we
introduce the notion of a Garside subgroup, we provides examples, and we establish the main
properties of Garside subgroups. Section 2 is concerned with the notion of a parabolic subgroup.
Finally, in Section 3, we discuss several questions around the notions of a Garside group and of
a parabolic subgroup. The answers to these questions explain why our definitions seem to be the
right ones.
1. Garside subgroups of Garside groups
In that section, we recall the definition of a Garside group and introduce the notion of a
Garside subgroup.
1.1. Garside groups
We refer to [8] and to the first chapter of [14] for the general theory of Garside groups and the
notion of a lattice, respectively. In order to define the notion of a Garside group, we need some
basic definitions.
Let G+ be a monoid. An element g in G+ is a left divisor (respectively right divisor) of an
element h if there exists an element k such that h = gk (respectively h = kg). We say that the
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equal. We say that the monoid G+ is Noetherian if for every element there exists an integer n
such that the element cannot be expressed as the product of more than n elements distinct from 1.
Finally, we say that an element Δ is balanced in the monoid G+ if its set of left divisors is equal
to its set of right divisors. In that case, that set is denoted by Div(Δ). The notion of a balanced
element is crucial in the definition of a Garside group.
After the first definition of a Garside group introduced by Dehornoy and Paris in [9], several
generalizations appeared [1,2,8]. The most general definition, so far, of a Garside group is:
Definition 1.1. Let G be a group and let X be a subset of G; denote by G+ the submonoid of G
generated by X. We say that the pair (G,X) is a quasi-Garside system if:
(i) the monoid G+ is Noetherian, cancellative and generated by X;
(ii) the monoid G+ is a lattice for right divisibility and for left divisibility;
(iii) there exists a balanced element Δ in G+ such that X = Div(Δ);
(iv) the group G is the group of fractions of the monoid G+.
When (G,X) is a quasi-Garside system we say that G is a quasi-Garside group; the sub-
monoid G+ generated by X is called a quasi-Garside monoid, and Δ its Garside element. The
elements of Div(Δ) are called the simples of the Garside system.
We say that (G,X) is a Garside system when furthermore Div(Δ) is finite. In that case, we
say that G is a Garside group and that G+ is a Garside monoid.
If G+ is a monoid and X is a subset of G+ that verify Properties (i)–(iii) of Definition 1.1,
then the monoid G+ satisfies the Ore conditions. So, the monoid G+ injects into its group of
fractions G and (G,X) is a quasi-Garside system. Furthermore Div(Δ)Δ = ΔDiv(Δ) [8,10]
and every element g in G can be written as g = g1Δ−n where g1 belongs to G+ and n lies in N.
Note that (see [2] or [8], for instance) under Properties (i) and (iii), Property (ii) is equivalent
to Property (ii′):
(ii′) Div(Δ) is a lattice for right divisibility and for left divisibility.
If (G,Div(Δ)) is a quasi-Garside system, we denote by G+ the submonoid of the group G
generated by the set Div(Δ) in the sequel. In the same way that an Artin–Tits system and its
Artin–Tits group are commonly identified, we will identify a quasi-Garside system and its quasi-
Garside group.
Example 1.2. The seminal example of a Garside group is an Artin–Tits group of spherical type.
Artin–Tits groups are finitely presented groups with presentation:
〈S | sts . . .︸ ︷︷ ︸
ms,t terms
= tst . . .︸ ︷︷ ︸
ms,t terms
for all s = t in S〉 (∗)
where ms,t are positive integers greater than 2 such ms,t = mt,s . One says that an Artin–Tits
group is of spherical type when the associated Coxeter group (obtained by adding the rela-
tions s2 = 1 for s in S to the presentation) is finite. The submonoid A+ of A generated by
S has the same presentation as the group A, considered as a monoid presentation [17]. If we
consider S = {s1, . . . , sn} with msi,sj = 3 for |i − j | = 1 and msi,sj = 2 otherwise, we obtain
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Coxeter group is the permutation groups on n+ 1 elements. If A is an Artin–Tits group with pre-
sentation (∗) and W is its Coxeter group, then the canonical surjection i : A → W has a canonical
section (see [4, Chapter 4]) whose image lies in A+. The image ΔS by this section of the greatest
element w0 of the Coxeter group is balanced in the monoid A+. Furthermore Div(ΔS) is pre-
cisely the image of the group W by the section. If the Artin–Tits group A is the braid group Bn+1,
then ΔS = s1(s2s1) . . . (sn . . . s1). Thus, in the case of an Artin–Tits group of spherical type. The
pair (A,Div(ΔS)) is a Garside system with A+ as Garside monoid. The above Garside system
is called the classical Garside structure of the Artin–Tits group.
A group can be a Garside group for several Garside systems.
Example 1.3. In [3] Birman, Ko and Lee propose an alternative presentation of the braid group
on n + 1 strings. It turns out that this presentation provides another Garside system for the braid
group Bn+1 [9]. Indeed, the braid group Bn+1 has the presentation:
〈
ats; n + 1 t  s  1
∣∣∣
atsarq = arqats when (t − r)(t − q)(s − r)(s − q) > 0
atsasr = asratr = atrats when t > s > r
〉
.
Furthermore, if BKL+n+1 is the submonoid of Bn+1 generated by the elements ats , then the el-
ement δ = a(n+1)n · · ·a21 is balanced in BKL+n+1 and (Bn+1,Div(δ)) is a Garside system with
BKL+n+1 as Garside monoid. That presentation is called the dual presentation of the braid group,
and the associated Garside system is called the dual Garside structure of the braid group. This
point of view was generalized by Bessis in [1] to every Artin–Tits groups of spherical type.
1.2. Garside subgroups
In this section we define the notion of a Garside subgroup. We recall that a sublattice of a
lattice is a nonempty subset that is closed under the supremum and infimum operations. We
begin with some auxiliary notions.
Definition 1.4.
(i) A nonempty subset X of a quasi-Garside monoid G+ is closed under (left and right) com-
plements if for every g,h in X, the elements g1 and g2 in G+ such that g1g and gg2 are the
lcm of g and h for right and left divisibility, respectively, are in X.
(ii) A nonempty subset X of a Garside monoid G+ is a closed sublattice of the monoid G+ if it
is a sublattice of G+ for both left and right divisibilities and it is closed under complements.
Example 1.5. When G is a Garside group and δ is a balanced element of G+, then Div(δ) is a
closed sublattice of G+.
In a quasi-Garside system (G,Div(Δ)), we denote by αL and αR the maps that associate to
each element of G+ its left and right gcd with Δ, respectively. By definition, for every element g
in G+, the elements αL(g) and αR(g) belong to Div(Δ). Here comes the main definition.
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H+ = H ∩ G+. We say that the subgroup H is a Garside subgroup of the group G if:
(i) the submonoid H+ is a closed sublattice of the monoid G+;
(ii) the subsets αR(H+) and αL(H+) of G+ are included in the submonoid H+;
(iii) the subgroup H is generated by the submonoid H+.
In that case, we say that H+ is a Garside submonoid of the monoid G+.
Example 1.7. Every standard parabolic subgroup of an Artin–Tits group of spherical type is a
Garside subgroup of the Artin–Tits group for the classical Garside structure. We recall that a
subgroup AX of an Artin–Tits group A is called a standard parabolic subgroup if it is generated
by a subset X of the generating set S of the group A. Every subgroup of A that is conjugated to
a standard parabolic subgroup is called a parabolic subgroup. Van der Lek showed in [19] that
a standard parabolic subgroup AX is isomorphic to an Artin–Tits group. The lcm ΔX for left
divisibility in A+ of such a subset X of S is balanced and belongs to Div(ΔS). Actually, there is
a one-to-one correspondence between the balanced elements in the set Div(ΔS) and the standard
parabolic subgroups of the group A.
In fact, that result is a special case of a more general result on the image of an LCM-
homomorphism.
Example 1.8. We recall the definition of an LCM-homomorphism [5] in the context of Artin–Tits
groups of spherical type. Let A and B be two Artin–Tits groups of spherical type, and denote
by S and T the generating sets associated with the presentations of A and B respectively. Let p
be a map from S to the set of nonempty subsets of T such that for every s and t distinct in S the
subsets p(s) and p(t) are disjoint and the elements
Δp(s)Δp(t) . . .︸ ︷︷ ︸
ms,t terms
and Δp(t)Δp(s) . . .︸ ︷︷ ︸
ms,t terms
are both equal to the lcm of Δp(s) and Δp(t) for the left divisibility in B+. Then, we define a
homomorphism ϕp from A to B by sending s in S on the lcm of the set p(s) in B+ for left
divisibility. Such a morphism is called an LCM-homomorphism. Let A and B be two Artin–Tits
groups of spherical type and ϕ A → B be an LCM-homomorphism. Then, ϕ is injective and
ϕ(A) is a Garside subgroup of the group B . This is what express Theorem 1.3 and 1.4 in [5],
Theorem 8 in [6] and Theorem 2.10 in [12].
1.3. The Garside system associated with a Garside subgroup
In this section, we prove that a Garside subgroup is itself a Garside group (Theorem 1.10), we
study the connections between the Garside system of a Garside group and the Garside systems of
the Garside subgroups (Theorem 1.13), and, finally, we consider the intersection of two Garside
subgroups (Proposition 1.14). All these results extend known results about the standard parabolic
subgroups of Artin–Tits groups to the framework of Garside subgroups. Actually, these results
are already known to hold in the case of the image of an LCM-homomorphism in an Artin–Tits
group of spherical type [5,12], which by Example 1.8 is a special case of Garside subgroup.
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definition directly implies:
Lemma 1.9. Let (G,Div(Δ)) be a quasi-Garside system and H be a Garside subgroup of G. Set
H+ = H ∩ G+. Let h1, h2 belong to H+.
(i) The element h1 is a left divisor of h2 in H+ if and only if h1 is a left divisor of h2 in G+.
(ii) The element h1 is a right divisor of h2 in H+ if and only if h1 is a right divisor of h2 in G+.
Theorem 1.10. Let (G,Div(Δ)) be a quasi-Garside system and H be a Garside subgroup of G.
Set H+ = H ∩ G+.
(i) The subset H+ ∩Div(Δ) is a closed sublattice of G+. In particular, there exists an element δ
in H+ that is balanced in H+ and such that H+ ∩ Div(Δ) = DivH+(δ).
(ii) The pair (H,Div(Δ) ∩ H) is a quasi-Garside system with H+ as quasi-Garside monoid.
Proof. (i) The intersection of two closed sublattices is a closed sublattice. Then, the set H+ ∩
Div(Δ) is a closed sublattice of G+. Furthermore, H+ ∩ Div(Δ) has a left upper-bound δL and
a right upper bound δR because H+ ∩ Div(Δ) is include in Div(Δ) and G+ is a cancellative
Noetherian monoid. By definition, the element δR is a left divisor of the element δL and the
element δL is a right divisor of the element δR . Again, by cancellativity and Noetherianity hy-
potheses, it follows that δR and δL are equal. Let us write δ for δR . Then, the set H+ ∩ Div(Δ)
is equal to DivH+(δ).
(ii) Properties (i) and (ii) of Definition 1.1 hold in H+. Now, consider h in H+ and
(h1, . . . , hn) its normal form in G+. The element h1 is equal to α(h) and lies in H+ ∩ Div(Δ) =
DivH+(δ). Since H+ is a closed sublattice of G+, we can write h = h1z with z in H+.
By cancellativity, we get z = h2 · · ·hn. Hence h2 · · ·hn belongs to H+ with (h2, . . . , hn) for
normal form in G+. By induction on n, we get that h2, . . . , hn are in DivH+(δ). As a conse-
quence, DivH+(δ) is a generating set for H+. Since, H+ generates H by assumption, it follows
that (H,Div(Δ) ∩ H) is a quasi-Garside system with H+ as Garside monoid. 
In order to state the next result, we recall two facts on Garside groups, namely the existence
of left (or right) orthogonal splitting decomposition and the existence of left (or right) normal
form (in the monoid):
Lemma 1.11. Let (G,Div(Δ)) be a Garside system. For every element g in the group G there
exists a unique pair (a, b) of elements in the monoid G+ such that g = a−1b and the elements a
and b are coprime for left divisibility. Furthermore if cg lies in G+ for some c in G+ then a right
divides c.
The pair (a, b) is called the left orthogonal splitting of g in G. In a similar way, one defines the
right orthogonal splitting (c, d) of g such that g = cd−1 and the elements c and d are coprime
for right divisibility in G+.
We recall that αL and αR denote the maps that associate to each element of g its lcm with Δ
for left and right divisibility, respectively.
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there exists a unique sequence (g1, . . . , gn) of elements in G+ such that the product g1 . . . gn is
a decomposition of g and gi = αL(gi . . . gn) with gn = 1. This sequence is called the left normal
form of the element.
In a similar way, one obtain a unique right normal form (gn, . . . , g1) of every element g in
G+ by setting gi = αR(gn . . . gi) with g = gn . . . g1 and gn = 1.
Theorem 1.13. Let (G,Div(Δ)) be a quasi-Garside system and H be a Garside subgroup of G.
Set H+ = H ∩ G+.
(i) If h lies in H+ and (h1, . . . , hn) is its left (respectively right) normal form in G+, then hi
belongs to H+ for every i. In particular (h1, . . . , hn) is the left (respectively right) normal
form of h in H+.
(ii) Every element of H has the same left (respectively right) orthogonal splitting considered as
an element of the Garside group G or as an element of the Garside group H . In other words,
If h lies in H , and the decomposition a−1b (respectively ba−1) is its left (respectively right)
orthogonal splitting in the group G, then a and b are in the submonoid H+.
Proof. (i) Let h belong to the submonoid H+. The left normal form in the monoid H+ of the
element h is (h1, . . . , hn). Actually, consider the left normal form (h′1, . . . , h′m) of h in H+.
On the one hand h′1 belongs to Div(Δ) and then h′1 divides h1; and the other hand, h1 lies
in DivH+(δ) and then h1 divides h′1. It follows that h1 = h′1 and we conclude by induction on n.
(ii) Consider h in the subgroup H , and its left orthogonal splitting a−1b in H . The elements a
and b are coprime for left divisibility in the submonoid H+. Since this submonoid is a closed
sublattice, the elements a and b are also coprime for left divisibility in the monoid G+. Thus by
unicity of the left orthogonal splitting, the product a−1b is the left orthogonal splitting of h in
the group G. The left part of (ii) follows. The proof for the right part is similar. 
It is well known that in an Artin–Tits group, the intersection of two standard parabolic sub-
groups is a standard parabolic subgroup. The following result extends this property to Garside
subgroups.
Proposition 1.14. Let (G,Div(Δ)) be a quasi-Garside system. Let H and K be two Garside
subgroups of the quasi-Garside group G. Then, the subgroup H ∩ K is a Garside subgroup of
the group G and the submonoid (H ∩ K) ∩ G+ is equal to the submonoid H+ ∩ K+.
Proof. The monoid (H ∩ K) ∩ G+ is equal to H+ ∩ K+ and is a Garside submonoid. Now,
let g belong to H ∩ K , and consider its orthogonal splitting a−1b in G. Then, the elements a
and b belong to H+ and to K+, by Theorem 1.13. Hence, the submonoid H+ ∩ K+ generates
the subgroup H ∩ K . 
Since the Garside element of H ∩ K is a left divisor of the Garside elements of H and K , it
divides their left gcd in G+. We do not know if these two elements can be distinct.
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When G is a group, and X is a subset of G, then the normalizer of X in the group G is the
subgroup NG(X) defined by
NG(X) =
{
g ∈ G ∣∣ gXg−1 = X}.
If the group G is an Artin–Tits group and the subgroup H is a parabolic subgroup, then the
normalizer NG(H) has been described [11,13,16] by using NG(H+) and the notion of a ribbon,
introduced in [11]. The following result is the first step in a study of the subgroup NG(H) when G
is a Garside group and H a Garside subgroup.
Proposition 1.15. Let (G,Div(Δ)) be a quasi-Garside system. Let H be a Garside subgroup
of G. Then, we have





Proof. The submonoid H+ · NG(H+) is included in NG(H). So, assume that g belongs
to NG(H). Write g = Δkg1g2g3, where Δk lies in the center of the group G and k is a non-
positive integer, where g1, g3 are in the submonoid H+ and g2 lies in the monoid G+ such
that no element of the submonoid H+ is a left divisor nor a right divisor of the element g2.
One can see easily that the element g2 belongs to NG(H). Let h belong to the submonoid H+.
Then g2hg−12 and g
−1
2 hg2 are in the subgroup H . In particular there exist h1, h2 in the sub-
monoid H+, coprime for right divisibility, such that the elements g2hg−12 and h1h
−1
2 are equal.
There exist two elements h3, h4 in the submonoid H+, coprime for left divisibility, such that
the elements g−12 hg2 and h
−1
3 h4 are equal. From Theorem 1.13(ii) and Lemma 1.11, we deduce
that there exist two elements g,g′ in the monoid G+ such that the equalities g2 = h2g = g′h3,
g2h = h1g, and hg2 = g′h4 hold. Since no element of the submonoid H+ is a left divisor nor a
right divisor of the element g2, it follows that we have h3 = h2 = 1, and the elements g2hg−12
and g−12 hg2 are in the submonoid H+. As a consequence, g2H+g
−1
2 = H+, i.e. the element g2
belongs to the subgroup NG(H+). Then, there exists an element g′3 in the submonoid H+ such
that g2g3 and g′3g2 are equal. We get that g is equal to g1g′3Δkg2, where g1g′3 lies in the sub-
monoid H+ and Δkg2 lies in the subgroup NG(H+). 
1.5. Recognizing a Garside subgroup
The definition of a Garside subgroup is not really practical. In particular, it is natural to address
the following question: Given a closed sublattice X of Div(Δ) that contains 1, how can we know
whether or not the subgroup generated by X of the group G is a Garside subgroup with X as set
of simples? Proposition 1.16 provides an answer to that question.
If one takes every nonempty subset X of Div(Δ), then in order to know whether or not the
subgroup H , generated by X, is a Garside subgroup of the group G, one has to consider the
set X˜ of simples of the monoid G+ that can be written as a product of elements of X and, firstly
to verify that this set X˜ is a closed sublattice of Div(Δ), and secondly to test the criterion of
Proposition 1.16 on the set X˜ (since the subgroups GX and GX˜ are equal). When the group G
is a Garside group, that is when the set Div(Δ) is finite, this method provides a finite set of
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group G.
In other words, Proposition 1.16, provides an alternative local definition to the global Defini-
tion 1.6 of a Garside subgroup.
Proposition 1.16. Let X be a closed sublattice of Div(Δ) that contains 1. Set X2 = {xy |
x, y ∈ X} and denote by H the subgroup of G generated by X. Then, the subgroup H is a
Garside subgroup with X as set of simples if and only if we have αL(X2) = X and αR(X2) = X.
Proof. The proof relies on the well-known local character of the left (or right) normal form
(see [15] for instance): a sequence (g1, . . . , gn) of elements in G+ is a left normal form if and
only if each sequence (gi, gi+1) is a left normal form. Denote by H+ the submonoid G+ ∩ H .
If H is a Garside subgroup with the set X as set of simples, then αR(X2) = αL(X2) = X.
Conversely, assume that the sets αR(X2) and αL(X2) are both equal to X. It implies that
every product of elements of X that lies in Div(Δ), has to belong to the set X. Therefore,
one has H+ ∩ Div(Δ) = X. Since the set X is a closed sublattice of G+ that is included
in Div(Δ), it follows that X = DH+(δ) for some balanced element δ in H+ (see the proof of
Theorem 1.10(i)). If g belongs to G+ we denote by ωL(g) the unique element of G+ such that g
is equal to αL(g)ωL(g). Let x, y belong to the set X, and write αL(xy) = xz with z in Div(Δ).
Because X is a closed sublattice of G+, the element z has to belong to X. By a similar ar-
gument, the element ωL(xy) belongs to X, since y = zωL(xy). Hence, we have ωL(X2) = X.
Let g belong to the submonoid H+ and let the sequence (g1, . . . , gn) be its left normal form
in the monoid G+. We claim that for every index i the element gi belongs to the set X and is
the gcd of the elements gigi+1 and δ for left divisibility. In particular, the element αL(g) lies
in H+ ∩ Div(Δ) and the set αL(H+) is equal to X. We prove the claim by induction on n.
For n = 1 the result holds by the previous remark. Assume n  2. Write g = h1 · · ·hk where
each hi lies in the set X. Then, using the local character of the left normal form, we get that
the element g1 is equal to αL(h1αL(h2 · · ·αL(hk−2αL(hk−1hk)) . . .)). By cancellativity, the ele-





h2 · · ·αL
(
hk−2αL(hk−1hk) . . .
))) · · ·ωL(hk−2αL(hk−1hk))ωL(hk−1hk).
Then, the element g1 lies in the set X and g2 · · ·gn belongs to the submonoid H+, because one
has αL(X2) = ωL(X2) = X. Now, if we denote by a ∧L b the gcd of the elements a and b in the
monoid G+, then we have
g1 = g1 ∧L δ =
(
(g1g2) ∧L Δ
) ∧L δ = (g1g2) ∧L (Δ ∧L δ) = (g1g2) ∧L δ
and the sequence (g2, . . . , gn) is the left normal form of g2 · · ·gn. Applying the induction hy-
pothesis to g2 · · ·gn, we obtain the claim. By a similar proof, we obtain αR(H+) = X. Now,
we prove that the submonoid H+ is a closed sublattice of the monoid G+ as in the proof of [12,
Theorem 2.10]; the fact that X is a closed sublattice replace here Lemma 2.9 of [12] in that proof.
Hence, the submonoid H+ is a Garside submonoid with the set X as set of simples. Finally, the
submonoid H+ generates the subgroup H , since it contains the set X. 
Example 1.17. Consider the spherical type Artin–Tits group A of type B defined by the pre-
sentation 〈s, t | stst = tsts〉; its Garside element is stst. The subgroup of A generated by the two
elements st and ts is a Garside subgroup.
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fore, the notion of a Garside subgroup is the unique general tool that we can use to investigate
that subgroup.
2. Parabolic subgroups of Garside groups
We are now ready to extend the notion of a parabolic subgroup, which is standard for Artin–
Tits groups, to the case of arbitrary Garside groups.
2.1. Balanced element and atom
We recall that in a quasi-Garside monoid G+, an element is called an atom if it cannot be
written as a product of two, or more, elements distinct from 1. For a balanced element δ in
the monoid G+, the support of δ is the set SuppG+(δ) of atoms of G+ that are in Div(δ). For
instance, in an Artin–Tits group A of spherical type with presentation (∗), the set of atoms of
the submonoid A+ is the generating set S. If X is a subset of S and ΔX is the lcm of X for left
divisibility then the support of ΔX is the set X.
Lemma 2.1. Let (G,Div(Δ)) be a quasi-Garside system. Let δ be a balanced element of Div(Δ);
we denote by H the subgroup of G generated by the set SuppG+(δ), and we set H+ = H ∩ G+.
The pair (H,DG+(δ)) is a quasi-Garside system with SuppG+(δ) as set of atoms. Furthermore,
the subgroup H is a Garside subgroup with δ as Garside element if and only if the equal-
ity DG+(δ) = Div(Δ) ∩ H+ holds.
Proof. It is clear that the monoid H+ is Noetherian and cancellative. Since it is generated by
the set SuppG+(δ), we have the equality SuppH+(δ) = SuppG+(δ), the element δ is balanced
in the monoid H+, and the equality DH+(δ) = DG+(δ) holds. Therefore, Property (iii) of De-
finition 1.1 holds in the submonoid H+ when considering the set Div(δ) as the set X. Finally,
the set Div(δ) is a closed sublattice of the monoid G+. Thus, the set Div(δ) generates the sub-
monoid H+ and Properties (i) and (ii) (Actually, Property (ii′)) of Definition 1.1 hold in the
submonoid H+. The first claim of the proposition follows. Now, by the general results on Gar-
side subgroups, if the subgroup H is a Garside subgroup with the element δ as Garside element,
then we have Div(δ) = Div(Δ) ∩ H+.
Conversely, assume that Div(δ) = Div(Δ) ∩ H+. We already know that the set Div(δ) is
a closed sublattice of the Garside monoid G+. Let x, y belong to the set Div(δ). Since the
element δ belongs to Div(Δ), the element x is also in Div(Δ), and there exists an element z
in Div(Δ), such that αL(xy) = xz in the monoid G+ and the element z is a left divisor of the
element y. This implies that the support Supp(xz) of xz is included in the set Supp(x)∪Supp(y),
which is included in Supp(δ). It follows that the element xz belongs to Div(Δ) ∩ H+, which is
equal to the set Div(δ). Thus, the element αL(xy) belongs to Div(δ) for every elements x, y
in Div(δ). In a similar way, the element αR(xy) lies in the set Div(δ) for every x, y in the
set Div(δ). Applying Proposition 1.16, we are done. 
We are now ready to introduce the main notion of this section:
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(i) Let δ be a balanced element of Div(Δ). Denote by Gδ the subgroup of G generated by
Supp(δ). We say that Gδ is a standard parabolic subgroup of the group G if Div(δ) =
Div(Δ) ∩ G+δ . In that case, the monoid G+δ is called a parabolic submonoid of the
monoid G+.
(ii) Let (G,Div(Δ)) be a quasi-Garside system and H be a subgroup of G. We say that H is a
parabolic subgroup of G if it is conjugated to a standard parabolic subgroup of G.
Example 2.3. Consider an Artin–Tits group of spherical type defined by the presentation (∗) of
Section 1.1 and assume the group A is of spherical type. We denote by ΔS the lcm of S in A+.
In that case, the parabolic subgroups of the Garside group A (associated with the Garside system
(A,Div(ΔS))) are precisely the parabolic subgroups of the Artin–Tits group A as defined in
Example 1.7. This is so because the balanced elements in Div(Δ) are the lcm of the subsets of S.
Example 2.4. Consider the dual presentation of the braid group G = Bn on n strings, and its as-
sociated Garside system (Bn,Div(δ)) as defined in Proposition 1.3. Then, the standard parabolic
subgroups of the classical presentation are still standard parabolic subgroups for the dual presen-
tation. Each classical standard parabolic subgroup is an Artin–Tits group and have a dual presen-
tation which provides the new parabolic subgroup structure. For instance, the subgroup Gs1,s2 is
equal to the subgroup Ga21,a32 and its Garside element is a21a32 in the monoid BKL+n . We ob-
tain other standard parabolic subgroups. For n = 4, the subgroup Ga42,a21 is a standard parabolic
subgroup of B4 for the dual presentation; its Garside element is a42a21, and the set Div(a42a21)
is {1, a42, a41, a21, a42a21} in the monoid BKL+n .
2.2. Closure properties
Lemma 2.1 shows that a standard parabolic subgroup is a Garside subgroup. Therefore a stan-
dard parabolic subgroup H of a Garside group G verifies Properties (i) and (ii) of Theorem 1.10
and Properties (i) and (ii) of Theorem 1.13. These properties are known to hold when the Garside
group is an Artin–Tits group of spherical type (with its classical Garside structure). In this sec-
tion, we extend to the case of Garside groups two other properties that are verified by standard
parabolic subgroups of Artin–Tits groups.
Proposition 2.5. Let (G+,Div(Δ)) be a positive quasi-Garside system and G+δ be a parabolic
submonoid of G+. Then G+δ is closed under left divisibility and under right divisibility.
Proof. By symmetry, it is enough to prove the result for left divisibility. Consider g,h in the
monoid G+ with h in the submonoid G+δ and assume that the element g is a left divisor of the
element h. Denote by (h1, . . . , hn) and (g1, . . . , gm) the left normal forms of the elements h
and g in the monoid G+, respectively. Since the submonoid G+δ is a parabolic submonoid, the
elements hi are that submonoid. The element g1 is a left divisor of the element h1 because the
element g is a left divisor of the element h. Then, the element g1 lies in the set Div(δ) and
in the submonoid G+δ . Furthermore, if we write h1 = g1h′1, with h′1 in the set Div(δ), then the
element g2 · · ·gm is a left divisor of the element h′1h2 · · ·hn. Since the sequence (g2, . . . , gm) is
a left normal form, we can apply an induction argument on the integer m to conclude. 
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the monoid G+; then the gcd of δ and τ for left divisibility in G+ is balanced and equal to the
gcd of δ and τ for right divisibility.
Proof. By definition the gcd of δ and τ for left divisibility is a left divisor of δ and τ . Since
these two elements are balanced, their gcd for left divisibility is then a right divisor of both of
them. Hence, their gcd for right divisibility is a right divisor of their gcd for left divisibility. But,
by similar arguments we have also that the gcd of δ and τ for left divisibility is a left divisor
of their gcd for right divisibility. By the Noetherianity hypothesis, it implies that the gcd for
left divisibility and the gcd for right divisibility of δ and τ are equal; consequently, they are
balanced. 
When δ and τ are balanced, we write δ ∧ τ for their gcd for left divisibility, which is also
their gcd for right divisibility. It is well known that in an Artin–Tits group the intersection of two
standard parabolic subgroups is a standard parabolic subgroup. The following result states that
this result extends to the framework of Garside group.
Proposition 2.7. Let (G,Div(Δ)) be a quasi-Garside system and Gδ , Gτ be two standard par-
abolic subgroups of G. Then Gδ∧τ is a standard parabolic subgroup of G, which is equal to the
subgroup Gδ ∩ Gτ .
Proof. By Proposition 1.14, Gδ ∩ Gτ is a Garside subgroup with G+δ ∩ G+τ ∩ Div(Δ) as set of
simples. But
G+δ ∩ G+τ ∩ Div(Δ) = Div(δ) ∩ Div(τ ) = Div(δ ∧ τ).
Thus, the subgroup Gδ ∩Gτ is equal to the subgroup Gδ∧τ and is a standard parabolic subgroup
of G. 
We conclude the section with a remark. It is not difficult to verify that for n = 4, all the
standard parabolic subgroups of the dual presentation are parabolic subgroups of the classical
presentation (that is a classical standard parabolic subgroup or a subgroup conjugate to a classical
standard parabolic subgroup). We remark that this property does not hold for the affine braid
group. All the classical standard parabolic subgroups of the classical presentation of the affine
braid group are of spherical type, whereas in the dual case some standard parabolic subgroups
are of affine type (see [10] where they are called quasi-parabolic subgroups). This implies that
these subgroups cannot be classical parabolic subgroups (consider the center).
3. Properties involving atoms
In this final section, we address several questions about Garside and parabolic subgroups. In
each case, we provide a positive answer or a counter-example.
3.1. Image of an LCM-homomorphism
As we observed in Example 1.8 above, in the framework of Artin–Tits groups of spherical
type, the image of an LCM-homomorphism is a Garside subgroup. The following question is
natural:
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phism?
The notion of an LCM-homomorphism can be defined in the general framework of Garside
groups. But here we shall address Question 3.1 in the framework of Artin–Tits groups of spherical
type only. In that latter case, the answer is negative as it is shown by Example 1.17. However,
one may ask:
Question 3.2. Given an Artin–Tits group of spherical type (with its classical Garside system),
can we characterize which Garside subgroups are the image of an LCM-homomorphism?
Now, the answer is positive:
Proposition 3.3. Let A be an Artin–Tits group of spherical type with presentation (∗). Let ΔS be
the lcm of S in A+ for left (or equivalently right) divisibility, and consider A as a Garside group
associated with the Garside system (A,Div(ΔS)). Then, a Garside subgroup H of the group A is
the image of an LCM-homomorphism if and only if the atoms of the submonoid H+ are balanced
in the monoid A+.
Note that an atom of the submonoid H+ is possibly not an atom of the monoid A+.
Proof. If the subgroup H is the image of an LCM-homomorphism then, by definition, its atoms
are balanced in the monoid A+. Conversely, assume that the subgroup H is a Garside subgroup
of the group A such that the atoms of the submonoid H+ are balanced in the monoid A+. Let
x, y be two distinct atoms of the subgroup H , there exists two nonempty subsets X and Y of the
set S such that x = ΔX and y = ΔY . Since the group A is of spherical type, the subgroups AX
and AY are also of spherical type. Since the subgroup H is a Garside group, the submonoid H+
is a closed sublattice of the monoid A+, and the gcd of x and y for left divisibility is 1 in the
monoid A+. But, this gcd is equal to ΔX∩Y . Therefore X ∩ Y is empty and the support of the
atoms of the monoid H+ are disjoint. So, in order to prove that H is the image of an LCM-
homomorphism, it remains to prove that there exists an integer m such that the two elements
ΔXΔYΔX · · ·︸ ︷︷ ︸
m terms
and ΔYΔXΔY · · ·︸ ︷︷ ︸
m terms
are both equal to the gcd of ΔX and ΔY for the left divisibility. Write
ΔX∪Y = ΔX1 · · ·ΔXi = ΔY1 · · ·ΔYj
where the ΔXk and ΔYk are some atoms of the submonoid H+ such that X1 = X and Y1 = Y . The
element ΔX∪Y lies in the subgroup AX∪Y . Since the support in the monoid A+ of the atoms of
the submonoid H+ are disjoint, then for every index k the set Xk is equal either to X or to Y , and
the set Yk is equal either to X or to Y , too. But the element ΔX∪Y belongs to Div(Δ) and thereby
is square free. It follows that for every k, one has X2k+1 = Y2k = X and X2k = Y2k+1 = Y . Then
one has
ΔX∪Y = ΔXΔYΔX · · ·︸ ︷︷ ︸ = ΔYΔXΔY · · ·︸ ︷︷ ︸
m1 terms m2 terms
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equal. First, note that the integers m1 and m2 have the same parity because the element ΔX∪Y is
the lcm of ΔX and ΔY for left divisibility. Now, the element ΔX∪Y is balanced, then the element
ΔXΔYΔX · · ·︸ ︷︷ ︸
m2−1 terms
is a left divisor of the element ΔX∪Y . The inequality m2 − 1  m1 follows, and by symme-
try m1 − 1m2 holds, too. It implies that |m2 − m1| 1. But, the integers m1 and m2 have the
same parity; therefore they are equal. 
3.2. Subgroups generated by atoms
In the case of Artin–Tits groups of spherical type, a standard parabolic subgroup is generated
by every subset of the standard generating set. In a Garside group, we define a standard parabolic
subgroup as a subgroup generated by the support of a balanced element and require an extra
property. One may wonder whether or not these hypotheses on the generating set of atoms are
relevant. We know that in the case of Artin–Tits groups of spherical type, the lcm of every set of
atoms is balanced and belongs to Div(Δ). Furthermore, there exists a one-to-one correspondence
between the standard parabolic subgroups and the balanced elements in Div(Δ). So we raise the
following questions:
Question 3.4. Let (G,Div(Δ)) be a Garside system and X be a set of atoms in the monoid G+.
(i) Is the submonoid G+X necessarily a Garside monoid?
(ii) If the submonoid G+X is a Garside monoid, is it necessarily a Garside submonoid?
(iii) If the submonoid G+X is a Garside submonoid, is it necessarily a (standard) parabolic sub-
monoid?
Question 3.5. Let δ belongs to Div(Δ) and be balanced. Denote by X its support.
(i) Are Div(Δ) ∩ G+X and Div(δ) necessarily equal?
(ii) Assume that G+X is a Garside monoid (but not necessarily a Garside submonoid). Does every
element of G+X have necessarily the same normal form in G
+
X and in G+?
Question 3.6. Do we have necessarily a one-to-one correspondence between the balanced ele-
ments in Div(Δ) and the standard parabolic subgroups?
Proposition 3.7. The answers to Questions 3.4(i), (ii), (iii), 3.5(i), (ii) and 3.6 are all negative.
Proof. As for Question 3.4(i), consider B4, the braid group on 4 strings with its dual Garside
structure as defined in Example 1.3. The submonoid generated by a31 and a42 is not a Garside
monoid. These two elements has a left lcm in BKL+4 , which is a31a41a32, but they have no com-
mon left multiple in the submonoid they generate. So the answer to Question 3.4(i) is negative.
This example proves that the naive idea for defining a standard parabolic subgroup of a Garside
group, that is to consider a subgroup generated by a set of atoms, does not work.
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presentation 〈s1, s2 | s1s2s1 = s2s1s2〉, the submonoid generated by s21 and s2 is a Garside monoid
(actually, an Artin–Tits monoid of spherical type). But it is not a Garside submonoid because this
submonoid is not a closed sublattice. The left lcm of s21 and s2 in the group B3 is s
2
1s2s1, which
is not in the submonoid generated by s21 and s2.
In the latter example, the left normal forms of s21 in the monoid B
+
3 and in the sub-
monoid 〈s21 , s2〉+ are not equal. In the first case it is (s1, s1); in the second case, it is (s21). So, the
answer to Question 3.5(ii) is negative.
As for Question 3.4(iii), consider the group G with the following presentation:
〈
x, y, z
∣∣ x2 = y2; xz = zx; yz = zy〉.
The group G is the direct product of the subgroups Gx,y and Gz generated by {x, y} and z,
respectively. The pairs (Gx,y, {1, x, y, x2}) and (Gz, {1, z}) are Garside systems (see [9]
for instance). It follows that (G,Div(x2z)) is a Garside system where Div(x2z) is equal
to {1, x, y, z, x2, xz, yz, x2z}. Observe that the subgroups Gx,y and Gz are Garside subgroups
with respective Garside elements x2 and z. Actually, they are two standard parabolic subgroups
of G. Now, consider the submonoid G+x,z of the monoid G+ generated by the elements x
and z. The set Div(x2z) ∩ G+x,z contains only two elements that are balanced in G+x,z. These
elements are xz and x2z. The pair (Gx,z, {1, x, z, xz}) is a Garside system by Lemma 2.1, but
the submonoid G+x,z is not a Garside submonoid of the group G, with xz as Garside element,
because the element x2 is in normal form in the monoid G+, whereas its normal form in the
monoid G+x,z is (x, x). Actually, the submonoid G+x,z is a Garside submonoid of the monoid G+
with Garside element x2z (by Proposition 1.16), but it is not a parabolic submonoid because the
support Supp(x2z) contains the element y. Hence, the answer to Question 3.4(iii) is negative.
Finally, the latter example shows that the answers to Questions 3.5(i) and 3.6 are negative. 
We have seen, in Proposition 2.7, that the intersection of two standard parabolic subgroups is a
standard parabolic subgroup, in Proposition 1.14, that the intersection of two Garside subgroups
is a Garside subgroup, and finally, in the proof of the latter proposition, that there exists Garside
subgroups that are not standard parabolic subgroups although they are generated by a set of
atoms. One may wonder whether or not:
Question 3.8. Is the intersection of two Garside subgroups generated by sets of atoms necessarily
(a Garside subgroup) generated by a set of atoms?
Proposition 3.9. The answer to Question 3.8 is negative.
Proof. Consider the group G with presentation
〈
x, y, z
∣∣ x2 = y2; xz = zx; yz = zy〉
as in the proof of the latter proposition. We have seen that Gx,z is a Garside subgroup with
the element x2z as Garside element. The subgroup Gy,z generated by {y, z} is another Garside
subgroup of G, with y2z as Garside element y2z. The intersection of these two Garside subgroups
is the subgroup Gx2,z generated by the elements x2 and z. We know that the subgroup Gx2,z is a
16 E. Godelle / Journal of Algebra 317 (2007) 1–16Garside subgroup. But, it is not generated by a set of atoms of the monoid G+. Its atoms are the
elements x2 and z. 
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